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For any prime number k > 3 and any commutative ring A, we describe the sub- 
ring Ak of A consisting of all sums of kth powers. For some k such as k = 11 or 19. 
we prove that every element of At is the sum of k3 kth powers (for any A). For the 
other k. we assume that the ring A is generated by I and I other elements to con- 
clude that every element of Ak is the sum of k’r kth powers. !? 1987 Academic 
Press. Inc. 
Contents. Introduction. Statement of Theorems 1 and 2. Corollaries of 
Theorems 1 and 2. Open problems. Proof of Theorem 1. Proof of Theorem 2. 
References. 
For any ring A and any natural number k, let A, denote the set of all 
sums of elements of the form *at with a0 in A. Let uk(A) be the infimum of 
all integers s>O such that every element of A, is the sum of s such 
elements + a;. 
When k is odd or char(A) # 0, Ak consists of all sums of kth powers. 
When k=l, A,=A and u,(A)<1 for any ringA. 
In many publications, Ak was studied and uk(A) was estimated for dif- 
ferent rings A: fields [S, 9, 19, 23, 24, 291; local rings [3, 9, 203; the ring 2 
of integers [6, 8, 10, 27, 301; rings of algebraic integers [l-3, 21, 221; 
algebras over fields [ 12, 16, 281; commutative associative rings with 1 
[4, 123; non-commutative rings [ 11, 13, 14, 17, 18, 25, 261. See [6, 7, 27. 
281 for more references. 
For A = Z, it is easier to prove that u(k) = o,(Z)< cc than that 
G(k) < 00, where G(k) is the least s such that every sufficiently large natural 
number is the sum of at most s positive kth powers. Clearly, 
u(k) G G(k) + 1 for all k. The determination of u(k) was named “the easier 
Waring problem” by E. M. Wright in 1934. But recently [30] he called this 
name “absurd,” because “so far from being ‘easier’ . . . the determination of 
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i(li) has turned to be substantially more difficult than that of <q(k)” and “is 
at least as difficult as that of G(h-).” 
Here we study A, and zlx( A) for any commutative associative ring A with 
1, which will be called, for short, just a ring, from now on. Note that An is 
a subring with 1 for any such A. If A is a field, than A, is a subfield. 
For any prime k and any ring A, we will describe the subring A, 
(Theorem 1). Our description is better than the local-global principle of 
[12]. Under additional conditions, we will bound cJA). In particular, 
u,(A)<k’ when X-= 11, 19, 23, 29, 37, 41, 43, 47, 53, 59, 61, 67, 71, 79. 83, 
89, or 97 (Corollary 8). Also P~( A) < zo, if either A is finitely generated 
(Corollary 5) or FL = F for any finite factor field F of A (Corollary 9). 
STATEMENT OF THEOREMS 1 AND 2 
When k = 2, every element e of A, is a square modulo 2A, i.e., r has the 
form ai+ 20, with a,, a, in A. On the other hand, every & + 2a, = 
(a,+1)‘+(a,-u,)‘-(u,-u,-1)‘belongstoA,.Thus,v,(A)~3forany 
ring A (when 2A = A, ZJ?( A) < 2) and A2 consists of all elements of the 
form ui + 2u,. In other words, A, is the range of the polynomial .x: + 2x,. 
as well as the polynomial .Y: + SS - x:, for any A. In particular, A, = A if 
and only if every element of the ring A/2A is a square, i.e., u,(A/2A) < 1. 
When k = 3, situation is more complicated. We will show that A, con- 
sists of all r in A of the form uz + 3~7, such that h(e) = 0 or 1 for every 
homomorphism h: A --+ F of A onto the field F of 4 elements. In fact, we 
obtain a similar result for any prime k (when k is not a prime, situation 
becomes too complicated for the present paper). 
THEOREM 1. Let k he a prime. Then, for any ring A, its subring A, con- 
sists qf all elements e qf A such that: (a) e = uk + ku, MCth a, in A; 
(b) h(e) E F1 for every homomorphism h: A + F of A onto every finite field 
FZF,. 
In the next section we will see that for each k there is only finitely many, 
up to isomorphism, finite fields F # Fk. For example, card(F) = 4 for each 
such F when k = 3, and no such F exists when k = 2 or 11. 
Our next goal is to bound uJA) for some rings, including all finitely 
generated rings A, for all prime k. When char(A) = p is a prime, we set 
d(A) to be the transcendence degree of A over its prime subfield Z/pZ. For 
any A, we define A(A) as sup(d(A/pA)), where the supremum is taken over 
all primes p such that A/pA # 0; if no such p exists, we set A( A) = 0. 
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THEOREM 2. Let A he a ring, k a prime. 
(i) [fA(A)=O, then 
2k- 1 when 
uk(A) d 
char(A) # 0, 
2k’ log(k) - 2 otherwise. 
(ii) Ifd(A)> 1, then o,(A)<k”d(A). 
We have seen that Theorems 1 and 2 are true when k= 2. So in their 
proofs below we assume that k 3 3. 
COROLLARIES OF THEOREMS 1 AND 2 
Since d(A) = 0 for every finite A, Theorem 2(i) implies the following 
result which is due to [ 12, Th. 7.361. 
COROLLARY 3. vx( A ) < 2k - 1 for uny ,finite ring A and any prime k. 
Also d(A) = 0 for any ring of algebraic numbers, hence we obtain the 
following corollary of Theorem 2(i). 
COROLLARY 4. Do d 2k2 log(k) - 2 f or any ring A of algebraic num- 
bers and any prime k. 
This sharpens the bound uJA) < 2” ’ + (k - 1)/3 + 1 of [22], where A 
is the ring of integers in a number field. For such a ring A, results of [20] 
and [lo], combined as in our proof of Theorem 2, give the bound uk(A) < 
Sk5 + 2k(k - 1) log(k) 6 9k5 for any (not necessary prime) k. 
Here is a consequence of Theorem 2(ii) (cf. [32, Theorem 31). 
COROLLARY 5. If a ring A is generated by 1 and t 3 1 elements, then 
v,(A) < tk3 for any prime k. In particular, vk(A) < ‘x: for any finitely 
generated ring A and any prime k. 
Theorems 1 and 2 together give the following result. 
COROLLARY 6. Let k be a prime, A a ring, A’ a subring with I. Suppose 
that F= Fk for every finite factor field F of A’[x). Then A, consists of all 
elements of A of the form a: + ka, with ai in A, and u,JA) < k3(A(A’) + 1). 
Indeed, first, condition (a) of Theorem 1 is evidently necessary. Let now 
e = a; + ka, . Set B to be the subring of A generated by A’ and a,. Applying 
Theorem 1 to the ring B (instead of A), we see that ka, is in B,, hence e = 
ai + ka, is in A,. This proves the first statement of Corollary 6. Now we 
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obtain the second statement, applying Theorem 2 to B (instead of A; note 
that d(B)<d(A’)+ 1). 
When k = 1 or 2, we did not need the condition (b) of Theorem 1. 
because F, = F1 = F for any finite field F. Note that FL #F for a finite 
field F if and only if (q”’ + ’ - 1 )/( y - I ) = 1 + + q”’ divides k, where q = 
card( F, ) and y”’ ’ I = card(F). In this case I + . ‘. + y”’ d k, hence card(F) = 
4 I)’ + ’ 6 (k - 1)‘. So, for each k, all finite fields F# F1 form, up to 
isomorphism, a finite set. The set is empty (i.e., F= Fk for each finite 
field F, i.e., the (b) of Theorem 1 is absent), if and only if 
k is not divisible by the sum I + . ‘. + q”’ of any geometric 
progression, where q is a power of a prime and q”’ > 2. (7) 
Here is the complete list of all k in the interval 1 d k d 100 satisfying the 
condition (7): 1, 2, 11, 19, 22, 23, 29, 37, 38, 41, 43, 46, 47, 53, 58, 61, 67, 
71, 74, 79, 83, 86, 89, 94, 97. Of these 26 numbers, 17 are primes. 
When k satisfies (7) (e.g., k = 1 I or 19), we can take A’ in Corollary 6 to 
be the subring of A generated by 1. Then d(A’) = 0, and we obtain the 
following consequence of Corollary 6 (cf. with [ 32, Theorem] ). 
COROLLARY 8. Let k be a prime satisfying the condition (7). Then, fbr 
anJ> ring A, its subring A, consists qf all elements of the ,form ai + ka,. 
Moreover, v,( A ) d k 3. 
The bound k’ here is not the best possible. For example, we have seen 
that vZ(A) < 3. Our proof of Theorem 2 below will give somewhat better 
bound. 
As a corollary of our bound k’, we obtain that, under the condition of 
Corollary 8, A, is the range of polynomial x’; + k.u,, as well as the range of 
the form yk + ... . I +xt with s= k’ for any ring A, if k 3 3. Another 
corollary is that A = A, if and only if every element of the ring A/kA is a 
kth power, i.e., v,(A/kA) < 1. 
Finally, note that if a ring A has no finite factor fields F # Fk for some k 
(e.g., k satisfies (7) or A is an algebra over an infinite field), then there is a 
finitely generated subring A’ with 1 of A such that F= Fk for every finite 
factor field F of every subring B of A containing A’ (see the proof of 
Theorem 1 for details). As in the proof of Corollary 6 above, this gives the 
following result. 
COROLLARY 9. Let A he a ring, k a prime. Assume that F = Fk .for ever) 
finite factor field F ?f A. Then v,(A ) < CO. 
WARING'S PROBLEM 303 
OPEN PROBLEMS 
PROBLEM 10. It is true that for each k, the numbers ok(A) are bounded 
when A ranges over all finite rings A ? 
This open question is due to [ 123. For a special class of finite A (which 
are principal ideal rings), [3] gives the upper bound k’6k2, and [20] shar- 
pens this to 8k5. When k is a prime, satisfying (7), our Corollary 8 gives the 
affirmative answer to the question as well as to the following question. 
PROBLEM 11. It is true that tik(A ) < OCI for every natural number k 
satisfying the condition (7) and any ring A ? 
Note that “almost every” prime k satislies (7). That is [ 3 1 ], C k ~ “’ < cc 
if the sum is taken over all primes k which do not satisfy (7) and k is 
repeated when it is 1 + ... + q” for different q. 
PROBLEM 12. If a prime k does not satisfy (7), is there a ring A with 
u,(A) = co? 
PROBLEM 13. If a natural number k does not satisfy (7), is there a 
ring A with ok(A) = co ? 
It is not hard to see that for any k the following 4 statements are 
equivalent: there is a ring A with uk(A)= co; there are rings A with 
arbitrary large finite uk(A); there are rings A with char(A) being powers of 
a fixed prime p < k and arbitrarily large linite uk(A); there is no polynomial 
in finitely many variables with integral coefficients whose range is exactly 
A, for every ring A. 
In this paper we show that these statements hold when k is a prime 
satisfying condition (7). Perhaps, (7) is a necessary and sufficient condition. 
But this is unknown, even for k = 3 (the case k = 1 is trivial). 
PROOF OF THEOREM 1 
Clearly, the conditions (a) and (b) are necessary for an element e of A to 
be in Ak. Let us assume these conditions and prove that e = ui + ka, is in 
A,. Evidently, it suffices to consider the case when a, = 0, i.e., e = ka,. We 
will prove that e E A, in a few steps, moving from more special rings A to 
more general A until we reach an arbitrary A. 
Case 1. char(A) = p # k, where p is a prime, and A is a finitely 
generated ring. We proceed by induction on A(A). 
When A(A) = 0, A is finite. So the Jacobson radical rad(A) is nilpotent 
and A/rad(A) is a finite product of finite fields. By the condition (b), 
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(j+ rad(A)E (A/rad(A)),. Since kA =A and every element of rad(A) is 
nilpotent, every element of 1 + rad(il ) is a kth power. So I + rad( A) c A,, 
hence rad(A) c A,. Thus, e E Ak. 
Let now A(A) 3 1. AS shown in [28], in the polynomial ring 
(Z/pZ)[x, ./I], there is an identity of the form 
C:=, (x + a,(.~)? = -:f(~) + g(.r), where s, c are natural num- 
bers, a,(~),,f(~), g(.v)E(Z/pZ)[yI. and.f(y)fO. (14) 
We pick an element h of A such that d(A/j(b) A)<d(A)- 1. By the 
induction hypothesis, e +,f‘(h) A E (Alj[f((h) A),. By (14),f‘(h) A c A,. Thus, 
egA,. 
Case 2. char(A) = p #k, where p is a prime. Consider all finitely 
generated subrings A’ of A containing 1 and a,. Ordered by inclusion, they 
form a directed set. If for some A’ we have that h’(e)E Fk for each 
homomorphism h’: A ’ + F onto every finite field Ff Fk, then we are done 
by Case 1. Otherwise, there is a finite field F and an element u of F outside 
Fk such that for every sufficiently large A’ there is a homomorphism h’: 
A --+ F such that h’(e) = u. Then, by Rado’s selection principle [ 151, there is 
a homomorphism h: A -+ F such that h(p) = I!. This contradicts to the con- 
dition (b). 
Case 3. char(A) = p”‘, where m> 1, p is a prime, p#k. Then e+pAE 
(A/PA), by Case 2. Moreover, pA c A,, because every element of pA is 
nilpotent and kA = A (note that pa= (1 + pa)- 1 is the sum of two kth 
powers for any n in A). Thus, e E Ak. 
Case4. char(A)= k”’ with tn> 1. As in [12, p. 1061, we have the iden- 
tity 
Ct=,’ (x + LZ,)~ - (k - 1) xk = k(k - 1) x, where a, is the kth root 
of 1 in Z/kmZ congruent to i modulo k. (15) 
ThereforekA=k(k-l)AcA,. 
Case 5. char(A) # 0. Then A is the direct product of its primary ;om- 
ponents, so we are reduced to Cases 3 and 4. 
General Case. The identity 
k-l 
(x+#=k!x+k!(k-1)/2 (16) 
shows that A,Ik! A. By Case5, e+k! AE(A/k! A),. So egA,. 
Remark. Our proof works if A/k ! A rather than A is required to be 
commutative and associative. Moreover, if suffices to require that A/k ! A is 
associative and A/pA is commutative for every prime p d k. 
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PROOF OF THEOREM 2 
We set V, = v,(Q[x]), where Q is the field of rational numbers, and 
Vk = sup(~~((Z/pZ)(y)[x]))), where sup is taken over all primes p. 
LEMMA 17. For any prime k and any ring A, 
u,(A 1 d 
i 
max(2k - 1, k + 1 + V;d(A)) when char(A) # 0, 
max(2k- 1, k+ 1+ likd(A))+ V, otherwise. 
Proof. In the case k = 2, we have seen that uZ(A) < 3. So let k 3 3. 
Case 1. char(A)=p#k with a primep. Then u,(A)<k+ V;d(A) by 
[28, Theorem 5 and Remark in Sect. 71. 
Case 2. char(A) = pm with a prime p # k. For any e in Ak, by Case 1, 
e - 1 = bt + ... + bf (mod(pA)) with s = k + Vjd(A). Since every element 
of 1 + pA is a kth power, e is the sum of s + 1 kth powers, Thus, ok(A) < 
k + 1 + I/id(A). 
Case 3. char( A ) = k”. By Theorem 1, every element e of A has the form 
e = a$ + ka,. The formula (15) shows that ka, is the sum of 2k - 2 kth 
powers. So e is the sum of 2k - 2 + 1 = 2k - 1 kth powers. Thus, u,JA) < 
2k- 1. 
Case 4. char(A) # 0. Then A is the direct product of its primary com- 
ponents. By Cases 2 and 3, uk(A) d max(k + 1 + V;A(A), 2k - 1). 
Case 5. char(A) = 0. By the definition of Vkr we have an identity of the 
form 
with an integer c # 0 
in the ring Z[x]. So every element of CA, for any ring A, is the sum of V, 
kth powers. Using Case 4 (with A/CA instead of A) and the inequality 
ZIJA) f u,(A/cA) + V,, we conclude our proof of Lemma 17. 
Proof of Theorem 2(i). By Lemma 17, it suffices to show that 
V,+ + 2k - 1 < 2k2 log(k) - 2. When k = 3, V, < 4 by the identity (16) with 
k=3, so V,+2k-1<9<18log(3)-2=17.77.... When ka5, we use 
that V, d 2a(k) ,< 2k(k - 1) log(k) = 2k2 log(k) - 2k log(k) < 2k - 6, 
because log(k) > log(5) > 1.6. See [28] for definition of cr(k). 
Proof of Theorem 2(ii). By Lemma 17, it suffices to show that 
l/,+2k-1<k3 and V,+k+ l+ V;<k’. (18) 
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We use that V,<2x(li) with x(k)=&1 for 2,</i<Il, a(l3)=14, 
s~(l7)=30, 2(19)=42, x(k)</~(X-- l)log(k) for all k32. and that 1”,<4. 
V5 < 8, V;i 6 31i’(li - 1 )/4 for all k 2 2 (see [28]). 
So for k = 3, 5, 7, 1 1, 13, 17 we can check (18) by direct computations, 
Let us check now that 2/i(k - I ) log(k) + k + 1 + 3k’(k - 1 )I4 < li’ for 
k> 20. Dividing this inequality by 2k(k - 1 ), we bring it to the form 
log(k) < li/8 + l/2 - l/li(k - 1). When /i = 20, the left-hand side is less than 
2.996, and the right-hand side is greater than 2.998. Moreover the 
derivative of the left-hand side, l/k is less than that of the right-hand side, 
4 + (2k - 1 )/k’(h- - 1)’ for k > 8. So the inequality holds for k > 20. 
Theorem 2 is proved. 
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